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ROUND SPHERES ARE HAUSDORFF STABLE UNDER SMALL
PERTURBATION OF ENTROPY
SHENGWENWANG
ABSTRACT. We show that if the entropy of any closed hypersurface is close to that of a
round hyper-sphere, then it is close to a round sphere in Hausdorff distance. Generalizing
the result of [5] to higher dimensions.
1. INTRODUCTION
Let Σn ⊂ Rn+1 be a hypersurface, that is, a connected, smooth, properly embedded,
codimension-1 submanifold. In [9], Colding-Minicozzi introduced the entropy functional
λ(Σ) for such a hypersurface when studying generic singularities of the mean curvature
flow. It’s a natural geometric quantity that measures the complexity of a hypersurface, and
is defined by
λ(Σ) = sup
(y,ρ)∈Rn+1×R
F (ρΣ + y)(1.1)
where F is the Gaussian area of Σ defined by
F (Σ) =
∫
Σ
1
(4π)
n
2
e−
|x|2
4 .(1.2)
By definition, entropy is invariant under dilations and rigid motions in Rn+1.
The mean curvature flow in Rn+1 is a one-parameter family of surfaces {Σt}t∈I that
evolves over time t by the equation
(
∂
∂t
x)⊥ = HΣ(x)(1.3)
Here x is the position vector,⊥ means normal component of a vector, n is the unit normal
field andH = −Hn = −div(n)n is the mean curvature vector.
By Huisken’s monotonicity formula [15], the entropy is non-increasing under mean cur-
vature flow. A direct computation gives that the entropy of a hyperplane is 1, minimizing
entropy among all complete immersed hypsersurfaces.
It’s natural to consider which closed surfaces minimize the entropy among all closed hy-
persurfaces, and the uniqueness and stability property of such surfaces. In [3], Bernstein-
Wang showed that the round spheres Sn uniquely minimize the entropy (modulo dilations
and rigid motions) among closed hypersurfaces in Rn+1 for 2 ≤ n ≤ 6, giving an affir-
mative answer to a conjecture made by Colding-Ilmanen-Minicozzi-White in [8]. Later,
Zhu [25] extended the result to all higher dimensions. In [5], Bernstein-Wang further
showed that, for n = 2, the round sphere is Hausdorff stable under small perturbations
of entropy. In the same paper [5], they got an explicit relationship between the (normal-
ized) Hausdorff distance of a surface to a round sphere and the difference between their
entropies, which is analogous to the Bonnesen isoperimetric inequality for planar curves
measuring the roundness of the circle by the isoperimetric defect.
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In this note, we show the Hausdorff stability for the round n-sphere, generalizing the
result of [5] to closed hypersurfaces in Rn+1.
Theorem 1.1. For any ǫ > 0, there is δ = δ(ǫ) > 0 such that, ifΣ is a closed hypersurface
in Rn+1 with entropy λ(Σ) < λ(Sn) + δ, then
inf
ρ>0,y∈Rn+1
distH(
1
ρ
Σ− y, Sn) < ǫ,
or in other words, there exists some ρ0 > 0,y0 ∈ Rn+1 such that
distH(Σ, ρ0S
n + y0) < ρǫ.
In [5], when they prove the case for n = 2, they need to use the result in [4] ruling out
non-flat self-shrinkers with low entropy. This is not known in higher dimensions. We are
not able to show that Bonnesen type isoperimetric inequality as in [5].
To prove the theorem above, we will choose a special kind of weak flow developed
by Ilmanen [16], and prove a uniform dependence on time of Hausdorff distance between
different time slices of the flow. This uniform dependence can be viewed as a 2-sided
version of Brakke’s clearing out lemma (see [1] 12.2) when the entropy is small, which
works both backward and forward in time. As this may be of independent interest, we
record it here in the setting of smooth flows:
Theorem 1.2. There exists δ(n) > 0, C(n) > 0, η(n) > 0, γ(n) ∈ (0, 1) so that: if
{Mnt } is a a mean curvature flow of hypersurfaces in Rn+1 that reaches the space-time
point (x0, t0) ∈ Rn+1 × R, with entropy λ(Mt) ≤ λ(Sn) + δ(n), and Mt 6= ∅ for all
t ∈ (t0 −R2, t0 +R2), then for all 0 < Cρ < γR
Hn(Bρ(x0) ∩Mt0−C2ρ2) ≥ ηρn
and
Hn(Bρ(x0) ∩Mt0+C2ρ2) ≥ ηρn
whereHn denotes the n-dimensional volume on hypersurfaces.
Remark 1.3. This 2-sided clearing out lemma is not true for flows {Mt} with entropy
λ({Mt}) ≥ λ(Sn−1 × R). Consider the rotational-symmetric translating ”bowl” soliton,
whose entropy is equal to λ(Sn−1 × R) and is rescaled so that the speed of translation
is 1
C2
. For any γ ∈ (0, 1), by choosing ρ > 1, R > Cρ
γ
, and (x0, t0) to be the tip of
the translating ”bowl” soliton, we get a counter example. However, we speculate that the
theorem should still hold under the entropy bound λ({Mt}) < λ(Sn−1 × R).
2. NOTATIONS
2.1. We denote by Bn+1R and B¯
n+1
R the open ball and closed ball in R
n+1 with radius R
respectively. We omit the super-script when the dimension is clear from context.
Given two compact subsets X,Y ⊂ Rn+1, the Hausdorff distance distH(X,Y ) be-
tween X and Y is defined by
distH(X,Y ) = inf{r > 0 : X ⊂ ∪x∈Y B¯r(x) and Y ⊂ ∪x∈XB¯r(x)}
.
For any ρ > 0, x0 ∈ Rn+1 and Ω ⊂ Rn+1, we donote by
Ω− x0 = {x ∈ Rn+1 : x+ x0 ∈ Ω}
ρΩ = {ρx : x ∈ Ω}
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2.2. Following the notations in [16], we denote by
• M(Rn+1) = {µ: µ is a Radon measure on Rn+1}
• IMk(Rn+1) = {µ: µ is an integer k-rectifiable Radon measure on Rn+1}
• Ik(Rn+1) = {T: T is an integeral k-current on Rn+1}
• IVk(Rn+1) = {V: V is an integer k-rectifiable varifold on Rn+1}
M(Rn+1), IMk(R
n+1) and IVk(R
n+1) are equippedwith correspondingweak∗ topolo-
gies. Ik(R
n+1) is equipped with the flat topology. See [16] section 1 for details of the
topologies and corresponding compactness theorems.
There are natural maps
V1 : IMk(R
n+1)→ IVk(Rn+1)
V2 : Ik(R
n+1)→ IVk(Rn+1)
µ1 : Ik(R
n+1)→ IMk(Rn+1)
µ2 : IVk(R
n+1)→ IMk(Rn+1)
Of the above maps, only µ2 is continuous. We use the following notations for convenience:
V1(µ) = V (µ) = Vµ
V2(T ) = V (T ) = VT
µ1(T ) = µ(T ) = µT
µ2(V ) = µ(V ) = µV
Following definitions in [22], an integral current T ∈ Ik(Rn+1) and an integer k-
rectifiable (integral) varifold V ∈ IVk(Rn+1) are said to be compatible if V = V (T ) +
2W for some integral varifoldW ∈ IVk(Rn+1).
If Σn ⊂ Rn+1 is a hypersurface, we denote by µΣ = Hn⌊Σ ∈ IMn(Rn+1).
2.3. A self-shrinker of mean curvature flow is a hypersurfaceΣ ⊂ Rn+1 that satisfies the
equation
HΣ +
1
2
x⊥ = 0
It is the time −1 slice of a mean curvature flow that is shrinking with self-similarity
Σt =
√−tΣ−1, (t < 0)
Σ−1 = Σ
The singularities of mean curvature flow are modeled on self-shrinkers by Huisken’s
monotonicity formula [15]
d
dt
∫
Σt
ρ(x, t) =
∫
Σt
ρ|HΣt −
1
2t
x⊥|2, (t < 0)(2.1)
where ρ(x, t) = 1
(−4πt)n2 e
|x|2
4t .
Self-shrinkers are critical points for the Gaussian area functional F. The entropy of a
self-shrinker is equal to its Gaussian area according to computations in [9]. The associated
flow for the self-shrinker has constant entropy independent of time.
In general, the entropy of a flow is defined by
λ({Σt}t∈I) = sup
t∈I
λ(Σt)
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Important examples of self-shrinkers are generalized cylinders defined, for 0 ≤ k ≤ n,
by
(
√
2kSk)× Rn−k = {(x,y) ∈ Rk+1 × Rn−k : |x|2 = 2k}
One has
Λk = λ(S
k) = λ(Sk × Rn−k)
and by Stone [20]
2 > Λ1 >
3
2
> Λ2 > ... > Λn > ...→
√
2(2.2)
3. WEAK MEAN CURVATURE FLOWS
In this section, we gather various notions of weak mean curvature flows and prove some
properties of them that will be used in this note. We mostly follow the formulations in [16].
3.1. An n-dimensional Brakke flow (Brakke motion) K in Rn+1 is a family of Radon
measuresK = {µt}t∈I , µt ∈ IMn(Rn+1), such that
(1) for a.e. t, µt = µ(Vt) for some varifold Vt ∈ IVn(Rn+1) so that the first variation:
δVt(X) = −
∫
H(x) ·Xdµt
whereH is the weak mean curvature vector field for a varifold.
(2) for any test function f ∈ C1c (Rn+1 × [a, b]) and f ≥ 0∫
f(·, b)dµb −
∫
f(·, a)dµa ≤
∫ b
a
∫
(−|H |2f +H · ∇f + ∂f
∂t
)dµtdt(3.1)
A smooth mean curvature flow is automatically a Brakke motion with the inequality in
(3.1) becoming an equality.
A Brakke flow {µt}t∈R is called eternal if sptµt 6= ∅ for all t ∈ R.
We will restrict out attention to n-dimensional Brakke flows {µt}t∈I in Rn+1 with
bounded area ratios, i.e., for which there is a C <∞ so that for all t ∈ I ,
sup
x∈Rn+1
sup
R>0
µt(BR(x))
Rn
≤ C(3.2)
Ilmanen ( [17] Lemma 7) observed that the monotonicity formula of Huisken [15] could
be extended to the class of Brakke flows with initial data that has bounded area ratio:∫
ρ(x, t2)dµ2 −
∫
ρ(x, t1)dµ1 ≤ −
∫ t2
t1
ρ|H− 1
2t
x⊥|2dµt(x)dt(3.3)
for t1 < t2 < 0.
As a corollary, bounded area ratio at an initial time will be of bounded area ratio with
the same constant in later time.
Given a flow with bounded area ratio, we define the Huisken’s density Θ(x0,t0)({µt})
at the space-time point (x0, t0) to be
Θ(x0,t0)({µt}) = lim
s→t−0
∫
1
(−4π(s− t0))n2
e
|x−x0|2
(s−t0) dµs(x)
which is upper semi-continuous by the monotonicity.
The entropy of a Brakke flow K = {µt}t∈I is defined by λ(K) = supt∈I λ(µt). It is a
lower semi-continuous functional.
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Remark 3.1. It is not hard to see that, for a Radon measure, bounded area ratios are equiv-
alent to finite entropy.
Definition 3.2. Let Ki = {µi,t}t≥t0 be a sequence of integral Brakke flows, we say Ki
converges to ={µt}t≥t0 , if
(1) µi,t → µt for all t ≥ t0
(2) for a.e. t ≥ t0, there is a subsequence i(k), depending on t, so that Vµi(k),t → Vµt
Convergence for flows with varying time intervals is defined analogously.
Brakke flows with uniform local mass bound have a good compactness theorem.
Theorem 3.3. ( [16] section 7, cf. [1] chapter 4)
Let Ki = {µi,t}t≥t0 be a sequence of n-dimensional integral Brakke flows so that for
all bounded open U ⊂ Rn+1,
sup
i
sup
t∈[t0,∞)
µi,t(U) ≤ C(U) <∞
.
There is a subsequence i(k) and an integral Brakke flow K so that Ki(k) → K.
In particular, the compactness theorem works for sequence of flows with a uniform
entropy bound.
In [1], Brakke developed partial regularity theorem for Brakke flows. Later, White [24]
simplified the proof for a special, but large class of Brakke flow, which include the class
we use here. We will make use of a corollary of their theorem:
Proposition 3.4. (Proposition 3.7 of [3]) Let {µi,t}t≥t0 be a sequence of integral Brakke
flows converging to a limit integral Brakke flow {µt}t≥t0 . If the limit flow is regular
(smooth) in BR(y)× (t1, t2), then
(1) for each t1 < t < t2, spt(µi,t)→ spt(µt) in C∞loc(BR(y))
(2) given ǫ > 0, there is an i0 = i0(ǫ, {µt}) so that if i > i0, µi,t is regular (smooth) in
BR−ǫ(y)× (t1 + ǫ, t2)
Denote the parabolic rescaling and translation of a Brakke flow K = {µt} by
DρK = {ρµ t
ρ2
}
K − (x0, t0) = {µt+t0 − x0}
Using Huisken’s monotonicity formula, Ilmanen ( [17] Lemma 8) proved that: ifΘ(x0,t0) >
0 (this is equivalent to Θ(x0,t0) ≥ 1), then there is a subsequence ρi → ∞ such that
Dρi(K − (x0, t0)) → K˜. Such a limit flow K˜ is called a tangent flow at (x0, t0), and it is
a backward self-shrinker for negative time.
3.2. For T ∈ In+1(Rn+1×R), denote T ⌊(Rn+1×[a, b]) = Ta≤t≤b, ∂Ta≤t≤b = Ta−Tb,
and ∂Tt≥a = Ta.
A pair (T,K) is called an enhanced motion, if T ∈ In+1(Rn+1 ×R) and K = {µt}t∈R
satisfying
(1) ∂T = 0 and ∂(Tt≥s) = Ts and Tt ∈ In(Rn+1) for each time slice t
(2) ∂Tt = 0 for all t and t 7→ Tt is continuous in the flat topology
(3) K = {µt}t∈R is a Brakke motion
(4) µTt ≤ µt for all t and they are compatible for a.e. t
T is the undercurrent and K is the overflow.
An enhanced motion (T,K)t≥0 with initial data T0 is one that condition (1) above
replaced by
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(1’) ∂T = T0, µT0 = µ0, and ∂(Tt>s) = Ts and Tt ∈ In(Rn+1) for each time slice t.
An enhanced motion in a space-time open subset U × I ⊂ Rn+1 × R is defined by
replacing the space-time domains Rn+1 and R in the 4 items by U and I repectively.
The enhanced motion (T,K) is called a matching motion if µTt = µt = µVt for a.e.
t. So for matching motions, we do not distinguish µTt , µt, µVt for a.e. t. A smooth flow
automatically gives rise to a matching motion.
The existence of an enhanced motion with initial data a cycle was proved by Ilmanen
in [16] using an elliptic regularization procedure, and reproved by White in [22]. The
continuity in flat topology (2) was not explicitly stated in [16], but was pointed out in [22].
There are corresponding compactness theorems for integral currents and Brakke flows
with finite mass, but we cannot guarantee that the limit of matching motions is still a
matchingmotion in general due to lower semi-continuity of the map V2. A counter example
is the blow-down limit of a Grim-Reaper translating soliton of (smooth) mean curvature
flow is a quasi-static multiplicity 2 plane with zero undercurrent, i.e. it is not matching.
However, we can rule this out for small entropy and get a compactness theorem for
matching motions with low entropy.
Theorem 3.5. Let (Ti,Ki) be a sequence of matching motions in Rn+1× I , that converge
to an enhanced motion (T,K) in Rn+1 × I . If λ(K) < 2, then the limit is also a matching
motion.
To prove the theorem above, we need a lemma about compatibility of integral currents
and varifolds by White [22].
Lemma 3.6. (Theorem 3.6 of [22]) Suppose Vi is a sequence of integer multiplicity recti-
fiable varifolds that converge with locally bounded first variation to an integer multiplicity
rectifiable varifold, V. And Ti is a sequence of integral currents such that Vi and Ti are
compatible. If the boundaries, ∂Ti, converge (in the integral flat topology) to a limit in-
tegral flat chain, then there is a subsequence i(k) such that Ti(k) converge to an integral
current T. Furthermore V and T must then be compatible.
Proof. (of Theorem 3.5)
We have Ki = {µi,t} → {µt} = K as Brakke flows and Ti → T as currents.
By Brakke’s convergence, there is a set S1 with L1(S1) = 0 (where L1 denote the
Lebesgue measure), for all t ∈ I \ S1, there is a subsequence i(k)t, depending on t, such
that, Vi(k),t → Vµt with locally bounded first variation (Lemma 4.3 of [22] ).
By a slicing lemma of White (pp. 208 of [21]), there is a another set S2 with L1(S2) =
0, for all t ∈ I \ (S1 ∪ S2), there is a further subsequence i(k(j)), also depending on t,
such that Ti(k(j)),t → Tt.
Moreover, because (Ti,Ki) are matching motions, there is a set S3 with L1(S3) = 0,
for all t ∈ I \ (S1 ∪ S2 ∪ S3), µTi(k(j)),t = µi(k(j)),t and VTi(k(j)),t = Vi(k(j)),t. Namely,
Ti(k(j)),t and Vi(k(j)),t are compatible.
By definition of matching motions we have ∂Ti(k(j)),t = 0 for all t, so the condition
of Lemma 3.6 is satisfied. Thus, for each t ∈ I \ (S1 ∪ S2 ∪ S3), we can extract a
further subsequence i(k(j(l))) such that, limi(k(j(l)))→∞ Ti(k(j(l))),t is compatible with
limi(k(j))→∞ Vi(k(j)),t = Vµt .
Since the limit of a subsequence must be same as the limit of original sequence, we
have limi(k(j(l)))→∞ Ti(k(j(l))),t = limi(k(j))→∞ Ti(k(j)),t = Tt.
And Tt is compatible with Vµt , namely
Vµt = VTt + 2Wt
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for t ∈ I \ (S1 ∪ S2 ∪ S3) and someWt ∈ IVn(Rn+1).
Claim 3.7. For anyW ∈ IVn(Rn+1) andW 6= 0, we have λ(W ) ≥ 1
Proof. (of Claim 3.7)
BecauseW is rectifiable, it is a.e. aC1 submanifold with integer multiplicity. For such a
point x0 withC
1 submanifold structure, it has a tangent plane. And limρ→∞ F (ρ(Σ−x0))
will become the Euclidean density at this point, which is at least 1. 
Now we have for t ∈ I \ (S1 ∪ S2 ∪ S3)
2λ(Wt) ≤ λ(VTt + 2Wt) = λ(Vµt ) ≤ λ(K) < 2
which forcesWt = 0 by the Claim 3.7 above.
So we have for a.e. t
Vµt = VTt
The limit is also a matching motion.

3.3. In order to get a matchingmotion from a generic surface, we will need another notion
of set theoretic weak flow called the level-set flow. The mathematical theory of level-set
flow was developed by Chen-Giga-Goto [7] and Evans-Spruck [11–14]. We follow the
formulation of level-set flow of Evans-Spruck [11].
Let Γ be a compact non-empty subset of Rn+1. Select a continuous function µ0 so that
Γ = {x : u0(x) = 0} and there are constants C,R > 0 so that
u0 = −C on {x ∈ Rn+1 : |x| ≥ R}(3.4)
for some sufficiently large R. In particular, {u0 ≥ a > −C} is compact. In [11], Evans-
Spruck established the existence and uniqueness of viscosity weak solutions to the initial
value problem:{
ut = Σ
n+1
i,j=1(δij − uxiuxj |Du|−2)uxixj on Rn+1 × (0,∞)
u = u0 on R
n+1 × {0}(3.5)
Setting Γt = {x : u(x, t) = 0}, define {Γt}t≥0 to be the level-set flow of Γ. It is
justified in [11] that the {Γt} is independent of the choice of u0.
Level-set flow has a uniqueness property and an avoidance principle. But it may fatten
up in later time, namely a level-set flow in Rn+1 may develop some time slices that have
non-zero (n+1)-dimensional Hausdorff measure. But we have the following genericity of
non-fattening.
Proposition 3.8. (11.3 of [16]) For any closed hypersurface Σn ⊂ Rn+1, and any ǫ > 0,
and any given k > 0, there is a small perturbationΣ′ of Σ, which is a graph u over Σ with
||u||Ck < ǫ and such that the level-set flow starting from Σ′ is non-fattening.
A non-fattening level-set flow is a matching motion. (see [16] pp. 55)
3.4. We will make use of the existence of a special kind of matching motion called the
canonical boundary motion from these generic surfaces (see [16], section 11).
Using definitions from [19], ∂∗E is the reduced boundary of E. If E is of locally finite
perimeter, thenHn⌊∂∗E ∈ IMn(Rn+1).
Definition 3.9. A µ ∈ IMn(Rn+1) is a compact boundary measure, if there is a bounded
open non-empty subset E ⊂ Rn+1 of locally finite perimeter so that spt(µ) = ∂E and
µ = Hn⌊∂∗E. Such a set E is called the interior of µ.
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Ilmanen synthesized both notions of weak flows and show that there is a canonical way
to associate a Brakke flow to a level-set flow for a large class of initial sets. ( [16], section
11)
Definition 3.10. Given a compact boundary measure µ0 with interior E0, a canonical
boundarymotion of µ0 is a pair (E,K) consisting of an open bounded subsetE ofRn+1×
R+ of finite perimeter and a Brakke flow K = {µt}t≥t0 so that:
(1) E = {(x, t) : u(x, t) > 0}, where u solves equation (3.5) with E0 = {x : u0(x) >
0} and ∂E0 = {x : u0(x) = 0}
(2) each Et = {x : (x, t) ∈ E} is of finite perimeter and µt = Hn⌊∂∗Et.
In particular, a canonical boundary motion is a non-fattening level-set flow. Ilmanen
proved the existence of canonical boundary motions (Theorem 11.4 of [16]). We need a
weaker version of it
Theorem 3.11. (Theorem 11.4 of [16]) If Σn ⊂ Rn+1 is a closed hypersurface such that
the level-set flow is non-fattening, then there is a canonical boundary motion starting from
Σ. In particular, it is a matching motion.
The following uniqueness theorem of the flow of round sphere Sn ⊂ Rn+1 will be used
in the proof of the main theorem (when applying Theorem 3.4, we need the limit flow to
be regular). It was not explicitly stated in [3], but can be drawn as a corollary of what was
proved in that paper.
Theorem 3.12. If (T,K) is a matching motion in Rn+1 × [−1,∞), K = {µt}t∈[−1,∞),
λ(K) = Λn. Suppose it is the limit of a sequence of compact canonical boundary motions:
K = limKi, with each Ki becoming extinct at (0, 0) ∈ Rn+1 × [−1,∞) , λ(Ki) → Λn,
then (T,K) is the regular flow of a round n-sphere.
Proof. By Lemma 5.1 of [3], the extinction time ofKi are collapsed (Definition 4.9 of [3]).
By Theorem 1.3 of the same paper [3], when i is large enough, the only possible tangent
flow at the extinction time are round spheres. Proposition 4.10 of [3] implies that being
collapsed is a closed condition, so the extinction time of K is also collapsed, which can
only be a round sphere by the entropy bound.
Since the entropy is monotonic non-increasing under the flow, we conclude that it is
constant over time and equal to that of a round sphere and thus a self-shrinker by mono-
tonicity. Combining with the fact that it’s extinct at a round-sphere tangent flow at (0, 0)
in space-time, it must be the flow of a round shrinking n-sphere.

4. PROPERTIES OF MATCHING MOTIONS WITH LOW ENTROPY IN Rn+1
Some of the results in this section can be made stronger by weakening the entropy
bounds in the conditions, but the versions here are enough for our purpose.
We define the set of self-shrinking measures on Rn+1 by
SMn = {µ ∈ IMn(Rn+1) : Vµ is stationary for Gaussian area F}
Denote by
CSMn = {µ ∈ SMn : µ has compact support}
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Further, given Λ > 0, set
SMn(Λ) = {µ ∈ SMn : λ(µ) < Λ}
CSMn(Λ) = CSMn ∩ SMn(Λ)
According to Proposition 4.3 of [3], any µ ∈ CSMn(32 ) is a compact boundary mea-
sure. In particular, if n ≥ 3, any µ ∈ CSMn(Λn−1) is a compact boundary measure. As
the corresponding results in dimension 2 is already known, we restrict ourselves to n ≥ 3
in this section.
For µ ∈ SMn(Rn+1), we call K = {µt}t∈R an associated Brakke flow to µ if µt =√−tµ for t < 0. An associated matching motion to a self-shrinking measure is one whose
associated overflow is an associated Brakke flow. By Theorem 3.5, any tangent flow of a
matching motion with entropy bounded by 2 is an associated matching motion to a self-
shrinking measure.
Lemma 4.1. For µ ∈ SMn(Rn+1) with λ(µ) < ∞, let K be an associated Brakke flow
to µ. If there is a y ∈ Rn+1 \ {0} with Θ(y,0) ≥ 1 and T is a tangent flow of K at (y, 0),
then T splits off a line backward in time, that is Tt≤0 = {µ˜t}t≤0 = {νt×R}t≤0, for some
νt ∈ IMn−1(Rn) and ν−1 ∈ SMn−1(Rn).
Proof. For the y 6= 0 with Θ(y,0) ≥ 1, and T being a tangent flow at (y, 0), there exists a
sequence ρi →∞ such that ρi(K− (y, 0))→ T . By the self-similarity of K, we have, for
any τ ∈ R
Tt≤0 − (τy, 0)
= lim
i→∞
Dρi(Kt≤0 − (y +
1
ρi
τy, 0))
= lim
i→∞
Dρi(1+ 1ρi τ)
[D(1+ 1
ρi
τ)−1Kt≤0 − (y, 0)]
= lim
i→∞
Dρi(1+ 1ρi τ)
(Kt≤0 − (y, 0))
= lim
i→∞
Dρi(Kt≤0 − (y, 0))
= Tt≤0
where we used the fact that limi→∞(1 + 1ρi τ) = 1 and the backward self-similarity ofK.
Since τ is arbitrary, we conclude that the tangent flow splits off a line in the direction of
y backward in time. 
Lemma 4.2. If (T˜ , K˜) is an associated matching motion of an asymptotic conical self-
shrinker Σ3 that is an tangent flow of a matching motion with entropy less than 2, then it
cannot be extinct at time 0.
Proof. Because Σ is asymptotic to a regular cone, there is (x˜0, 0), x˜0 ∈ Rn+1 \ {0} in the
regular support of µT˜0 , (Θ(x˜0,0) = 1). Namely, a tangent flow at (x˜0, 0) is a multiplicity
1 plane for negative time. If 0 is the extinction time, then the tangent flow must also be 0
for positive time. We get a quasi-static multiplicity 1 plane as a tangent flow, which is not
a matching motion, a contradiction to Theorem 3.5.

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Proposition 4.3. For each n, there exists a δ(n) such that: If (T,K) is a matching motion
in Rn+1 with λ(K) ≤ Λn+δ(n) that becomes extinct at time t0 andΘ(x0,t0) ≥ 1 for some
x0 ∈ Rn+1, then any tangent flow at (x0, t0) is the round n-sphere.
Proof. Since n ≥ 3, if we choose δ(n) < Λn−1 − Λn, any element in CSMn(Λn +
δ(n)) is a compact boundary measure. By the results Corollary 6.5 of [3] for dimensions
2 ≤ n ≤ 6 and Corollary 2.9 of [25] for all higher dimensions, we can choose some
δ(n) < (Λn−1 − Λn) so that the only element in CSMn(Λn + δ(n)) that is a compact
boundary measure is the round sphere.
For n = 3, by Proposition 3.3 of [6], if µ ∈ SM3(Λ) does not have compact support,
then µ = µΣ3 where Σ
3 is a regular self-shrinker that is asymptotic to a regular cone (the
link of the asymptotic cone is a smooth embedded hypersurface in S3).
So for n = 3, if t0 is the extinction time andΘ(x0,t0) > 0, then a tangent flow at (x0, t0)
is a matching motion by Theorem 3.5, and extinct at time 0 because (T,K) is extinct at t0.
Combining Lemma 4.2, we conclude that a tangent flow at (x0, t0) is round 3-sphere.
For dimensionn ≥ 4, since we don’t have these regularity result, we argue by induction.
Suppose we know that for k = 3, ..., n − 1, any k-dimensional self-shrinking matching
motion that is not a sphere cannot be extinct at time 0.
If an extinction-time tangent flow of (T,K), is µn = limi→∞Dρi(K − (x0, t0)) for
some ρi → ∞, µn ∈ SMn(Λn + δ(n)), non-compact, with associated matching motion
being (T˜ n, K˜n), and that it’s extinct at 0, we can choose yn0 ∈ Rn+1 − {0} such that
Θ(y0,0)({µT˜nt }) > 0, then any tangent flow at (y0, 0) splits off a line backward in time by
Lemma 4.1, say it is {νt×R} for t ≤ 0 and ν−1 ∈ SMn−1(Λn+δ(n)) ⊂ SMn−1(Λn−1).
Since it’s a tangent flow at the extinction time, {νt} must also become extinct at time 0,
and is not the (n-1)-sphere by the entropy bound, contradicting the induction hypothesis,
and thus we proved the Proposition.

We have the following straightforward consequence.
Corollary 4.4. For the same δ(n), if µ ∈ SMn(Λn + δ(n)) has a non-compact support,
and it has associated matching motion, then this matching motion cannot be extinct at time
0.
Lemma 4.5. Let (Ti,Ki = {µi,t}) be a sequence of matching motions inRn+1 converging
to (T,K = {µt}), λ(K) ≤ Λn + δ(n) and
0 ∈ spt(µi,0)
for all i. If it does not develop a spherical singularity for t ∈ (−R,R), (R > 0), then
0 ∈ spt(µ0)(4.1)
Remark 4.6. Without the condition that (T,K) does not develop a spherical singularity
for t ∈ (−R,R), the lemma is false. For example we can choose a sequence of regular
space-time points on the shrinking sphere that converges to its extinction space-time point.
Proof. By upper semi-continuity of the Huisken’s density, we have Θ(0,0)(µt) ≥ 1. If
0 /∈ spt(µ0), then there is a neighborhoodU ⊂ Rn+1 of 0 such that U ∩ spt(µ0) = ∅, and
0 is an extinction singularity for the flow (T,K) restricted to U .
By Proposition 4.3, the tangent flow of (T,K) at (0, 0) is multiplicity-1 round sphere.
By Brakke’s regularity Proposition 3.4, for large enough i, (Ti,Ki)must also be a flow of a
topological sphere that develops a spherical singularity before time R2 , a contradiction. 
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Proposition 4.7. An ancient matching motion (T,K) in Rn+1 with λ(K) ≤ Λn + δ(n),
where δ(n) is given in Lemma 3.12, is either eternal or the flow of a topological sphere.
Proof. Suppose it’s not eternal, it has extinction time t0.
Choose (x0, t0) such that Θ(x0,t0)(K) ≥ 1. By the entropy bound and Brakke’s com-
pactness theorem, there is a blow-down sequence of flows Dρi(K − (x0, t0)), for some
ρi → 0, converging to a limit flow K˜ = {µ˜t}. The limit is a matching motion (T˜ , K˜) by
Theorem 3.5 and extinct at t = 0. Huisken’s monotonicity formula [15] implies that this
limit flow is backwardly self-similar for t < 0.
By Corollary 4.4, (T˜ , K˜) must be the self-shrinking round sphere, µ˜−1 =
√
2nSn. The
convergence is multiplicity 1 by the entropy bound. So by Brakke’s regularity Proposi-
tion 3.5, for large enough i, Dρi(K − (x0, t0)) is also the flow of a topological sphere.
ρiµ− 1
ρ2
i
→ √2nSn in C∞ as ρi → 0.

Remark 4.8. In Proposition 3.2 of [5], they got a stronger classification in R3 by making
use of the entropy lower bound for 2-dimensional asymptotic conical self-shrinker in [4].
That depend on a classification of genus 0 self-shrinkers by Brendle [2], the argument of
which only works in dimension 2.
Proposition 4.9. The δ(n) can be chosen small enough so that: if (T,K = {µt}t∈R) is a
matching motion in Rn+1×R with entropy λ(K) ≤ Λn+δ(n), that it develops a spherical
singularity at (x0, t0), then the flow is extinct at time t0 at the point x0.
Proof. Suppose not, there is a sequence of matching motions (Ti,Ki = {µi,t}), with
entropy λ(Ki) < Λn + 1i , that develops a spherical singularity at (xi, ti) but not extinct at
time ti. Without loss of generality, we can suppose (xi, ti) = (0, 0), otherwise we can do
a space-time translation to make this happen.
Since the flows are not extinct at (0, 0), there is a point (yi, 0) such that yi 6= 0 and
yi ∈ spt(µi,0).
We consider the rescaled flows K˜i = D 1|yi|Ki. The new flows satisfy that Θ(0,0)K˜i =
Λn,Θ( yi|yi| ,0)
≥ 1. By Brakke’s compactness theorem, we can extract a subsequence i(k)
so that K˜i(k) → K∞, and yi|yi| → u. The limit flow K∞ is also a matching motion by
Theorem 3.5. Moreover, by the upper semi-continuity of Huisken’s density and the lower
semi-continuity of entropy, we have
λ(K∞) = Λn
Θ(0,0) ≥ Λn
Θ(u,0) ≥ 1 for some u with |u| = 1
But this is a contradiction, because by Huisken’s monotonicity formula, for some time
t < 0, the time t slice of the flow K∞ has entropy strictly greater than Λn.

5. 2-SIDED CLEARING OUT LEMMA AND ESTIMATE OF HAUSDORFF DISTANCE
We will still restrict ourselves to dimension n ≥ 3 for convenience, the 2-dimensional
case was already known in [5]. The following is Clearing out Lemma of Brakke ( [1]
Lemma 6.3, cf. 12.2 of [16], Proposition 4.23 of [10]). It can be formulated as follows
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Lemma 5.1. (12.2 of [16]) There are constants η > 0, c1 > 0, depending on n such that,
for any n-dimensional integral Brakke flow {µt}t≥0, R > 0 and (x0, t0) ∈ Rn+1× [0,∞),
if
µt0(BR(x0)) ≤ ηRn,
then
µt0+c1R2(BR2
(x0)) = 0.
Proposition 5.2. For δ(n) chosen satisfying Proposition 4.3 and Proposition 4.9, there is
C(n) > 0, η(n) > 0 so that: if (T,K = {µt}) is an eternal matching motion in Rn+1,
with λ(K) ≤ Λn + δ(n) and 0 ∈ spt(µ0). Then for all ρ > 0
µ−ρ2(BCρ(0)) ≥ η(Cρ)n(5.1)
and
µρ2(BCρ(0)) ≥ η(Cρ)n(5.2)
Proof. We choose C ≥ 1√
c1
according to Lemma 5.1. For any ρ > 0, let R = ρ√
c1
, t0 =
−ρ2, x0 = 0 and η smaller than one given in Lemma 5.1. We have
µ−ρ2(BCρ(0)) ≥ η(Cρ)n
for otherwise by Lemma 5.1 we have µt0+c1R2(BR2
(x0)) = µ0(B ρ
2
√
c1
(0)) = 0, contra-
dicting the condition 0 ∈ spt(µ0).
To prove (5.2), we use standard blow-up argument. Suppose not, there exists a sequence
Ci →∞, ηi → 0, satisfying ηiCni → 0, a sequence of eternal matching motions (Ti,Ki =
{µi,t}) with λ(Ki) ≤ Λn + δ(n), 0 ∈ spt(µi,0), and a sequence ρi > 0, such that
µρ2(BCiρi(0)) < ηi(Ciρi)
n
We rescale the flows parabolically by factors 1
ρi
to get (T˜i, K˜i = {µ˜t}), where K˜i =
D 1
ρi
Ki, which are also eternal flows as well. And they satisfy
µ˜1(BCi(0)) < ηi(Ci)
n → 0
By Brakke’s compactness theorem, there is a subsequence i(k) such that K˜i(k) → K∞,
which is also a matching motion (T∞,K∞) by Theorem 3.5.
Since Ci(k) → ∞ and µ˜1(BCi(k)(0)) < ηi(Ci(k))n → 0, the limit flow K∞ must be
extinct before time t = 1, thus not eternal. By Theorem 4.7, the limit flow is the flow of a
topological sphere.
The entropy bound gives the multiplicity of convergence is 1. By Brakke’s regularity
Proposition 3.4, the convergence is smooth and as graphs over topological spheres. For
large enough i(k), K˜i(k) also develops a spherical singularity in finite time t. By Proposi-
tion 4.9, it must be extinct at the time a spherical singularity occur, contradicting the fact
that they are eternal, and hence we proved the proposition.

Theorem 5.3. For the same δ(n), C(n), η(n) chosen from Proposition 5.2, there is a γ ∈
(0, 1) so that: if (T,K = {µt}) is a matching motion in Rn+1 with λ(K) ≤ Λn + δ(n),
{µt} does not develop spherical singularities for t ∈ (−R2, R2), and 0 ∈ spt(µ0), then
for all ρ < γR
µ−ρ2(BCρ(0)) ≥ η(Cρ)n(5.3)
ROUND SPHERES ARE HAUSDORFF STABLE UNDER SMALL PERTURBATION OF ENTROPY 13
and
µρ2(BCρ(0)) ≥ η(Cρ)n(5.4)
Remark 5.4. Theorem 1.2 is just a restatement of Theorem 5.3 for smooth flows.
Proof. Suppose not, then there is a sequence γi → 0, a sequence of Ri > 0, a sequence of
ρi < γiRi, a sequence of matching motions (Ti,Ki = {µi,t}), with λ(Ki) ≤ Λn + δ(n),
{µi,t} does not develop spherical singularities for t ∈ (−R2i , R2i ), 0 ∈ spt(µi,0), such that
µi,−ρ2
i
(BCρi) < η(Cρi)
n
or
µi,ρ2
i
(BCρi) < η(Cρi)
n
We rescale the flows parabolically by factors 1
ρi
and get (T˜i, K˜i), where K˜i = D 1
ρi
Ki,
with λ(K˜i) ≤ Λn + δ(n), satisfying
µi,−1(BC) < η(C)n
or
µi,1(BC) < η(C)
n
Because of rescaling, we also have {µ˜i,t} does not develop spherical singularities for
t ∈ (−R2i
ρ2
i
,
R2i
ρ2
i
), where
R2i
ρ2
i
≥ 1
γ2
i
→∞.
By Brakke’s compactness theorem, there is a subsequence i(k) such that K˜i(k) → K∞,
which is also a matching motion (T∞,K∞ = {µ∞,t}) by Theorem 3.5. K∞ is either
eternal or the flow of a topological sphere by Proposition 4.7, and 0 ∈ spt(µ∞,0) by
Lemma 4.5. And satisfying
µ∞,−1(BC) < η(C)n
or
µ∞,1(BC) < η(C)n
If K∞ is eternal, by choosing ρ = 1, we get a contradiction to Proposition 5.2.
IfK∞ is the flow of a topological sphere, say µ∞,t is a topological sphere that is extinct
at time t˜, then By Brakke’s regularity Theorem Proposition 3.4, for large enough i(k), the
flow also develops a spherical singularity before time 2t˜, contradicting the fact that it does
not develop spherical singularities for t ∈ (−R
2
i(k)
ρ2
i(k)
,
R2i(k)
ρ2
i(k)
) where
R2i(k)
ρ2
i(k)
→∞.

6. PROOF OF THEOREM 1.1
We are now ready to prove the main theorem. First we need the following consequence
of what’s proved in the previous section.
Lemma 6.1. For n ≥ 3 and δ(n) chosen as in the previous section, there is a C(n, γ): If
(T,K = {µt}) is a matching motion in Rn+1 × [0, t0] with λ(K) ≤ Λn + δ(n), and µt
does not develops spherical singularities for t ∈ (0, t0), then for any 0 ≤ t1 < t2 ≤ t0,
we have
distH(spt(µt1), spt(µt2)) ≤ C
√
t2 − t1(6.1)
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Proof. Theorem 5.3 gives us a C > 0, γ ∈ (0, 1) such that for any t ∈ (0, t0), if 0 < τ <
min(γt, γ(t0 − t)), then
spt(µt+τ ) is in the C
√
τ neighborhood of spt(µt)(6.2)
and
spt(µt−τ ) is in the C
√
τ neighborhood of spt(µt)(6.3)
By replacing t with t+ τ , (6.3) also gives us
spt(µt) is in the C
√
τ neighborhood of spt(µt+τ )(6.4)
Namely
distH(spt(µt), spt(µt+τ )) < C
√
τ(6.5)
Now for any 0 < t1 < t2 < t0, we can choose η1, η2, depending on γ, such that
1
2γ < η1, η2 < γ and
t1+t2
2 = (1 + η1)
k1t1 and (t0 − t2)(1 + η2)k2 = (t0 − t1+t22 ) for
some k1, k2 ∈ N.
For i1 = 0, ..., k1 − 1, we have
distH(spt(µt1(1+η1)i1 ), spt(µt1(1+η1)i1+1))
≤ C
√
t1(1 + η1)i1+1 − t1(1 + η1)i1
= C
√
t1η1(
√
1 + η1)
i1 ,
so
distH(spt(µ t1+t2
2
), spt(µt1))
≤ Σk1−1i1=0 distH(spt(µt1(1+η1)i1 ), spt(µt1(1+η1)i1+1))
≤ Σk1−1i1=0C
√
t1η1(
√
1 + η1)
i1
= C
√
t1η1
1− (√1 + η1)k1
1−√1 + η1
= C
√
η1√
1 + η1 − 1(
√
t1(1 + η1)k1 −
√
t1)
≤ C
√
η1√
1 + η1 − 1(
√
t1(1 + η1)k1 − t1)
= C(η1)(
√
t1 + t2
2
− t1)
≤ C(γ)(
√
t1 + t2
2
− t1).
.
Similarly for i2 = 0, ..., k2 − 1, we have
distH(spt(µt0−(t0−t2)(1+η2)i2 ), spt(µt0−(t0−t2)(1+η2)i2+1))
≤ C
√
(t0 − t2)(1 + η2)i2+1 − (t0 − t2)(1 + η2)i2
= C
√
(t0 − t2)η2(
√
1 + η2)
i2 ,
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so
distH(spt(µt2), spt(µ t1+t2
2
))
≤ Σk2−1i2=0 distH(spt(µt0−(t0−t2)i2 ), spt(µt0−(t0−t2)i2+1))
≤ Σk2−1i2=0C
√
(t0 − t2)η2(
√
1 + η2
i2
)
= C
√
(t0 − t2)η2 1−
√
1 + η2
k2
1−√1 + η2
= C
√
η2√
1 + η2 − 1(
√
(t0 − t2)(1 + η2)k2 −
√
(t0 − t2)(1 + η2))
≤ C
√
η2√
1 + η2 − 1(
√
(t0 − t2)(1 + η2)k2 − (t0 − t2)(1 + η2))
= C
√
η2√
1 + η2 − 1(
√
[t0 − (t0 − t2)]− [t0 − (t0 − t2)(1 + η2)k2 ])
= C(η2)(
√
t2 − t1 + t2
2
)
≤ C(γ)(
√
t2 − t1 + t2
2
).
Now by triangle inequality
distH(spt(µt2), spt(µt1))
≤ C(γ)(
√
t1 + t2
2
− t1) + C(γ)(
√
t2 − t1 + t2
2
)
≤ C√t2 − t1
For the case t1 = 0 or t2 = t0, since C is independent of t1, t2, we can take limits and
thus proved the lemma.

Proposition 6.2. The δ(n) can be chosen small enough so that, if (T,K = {µt}t≥0)
is a matching motion in Rn+1 with initial data µ0 = µΣ0 being a closed hypersurface,
λ(K) < Λn + δ(n), then if {µt} develops a spherical singularity at space-time point
(x0, t0) ∈ Rn+1 × (0,∞), then the flow is extinct at time t0 at a spherical singularity at
x0.
Proof. Without loss of generality, we can assume that x0 = 0, t0 = 1, for otherwise we can
do a parabolic translation and dilation to make this happen. The proof is by contradiction
Claim 6.3. If the flow is not extinct at the time t = 1 when it first develops a spherical
singularity. Then there is a point y0 ∈ B4C(0), y0 6= 0 with Huisken’s density Θ(y0,t0) ≥
1, where C is the universal constant from the previous Lemma 6.1.
Proof. (of Claim 6.3) Without the assumption that the point y0 ∈ B4C(0), the existence is
straightforward since the flow is not extinct yet at time t = 1.
Case 1: If spt(µ0) ⊂ B3C , by the Hausdorff estimate Lemma 6.1, we have
distH(spt(µ0), spt(µ1)) ≤ C
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namely, there is a point y0 ∈ spt(µ1) such that
y0 ∈ B3C+C(0) = B4C(0)
We can choose y0 6= 0 because the flow is not extinct at t = 1 and (0, 1) is a spherical
singularity.
Case 2: If spt(µ0) = µΣ0 is not contained in B3C , by the connectedness of Σ0, there is
a point z0 ∈ Σ0 ∩ (B3C \B2C). Again by the Hausdorff distance estimate Lemma 6.1, we
have can find a point y0 ∈ spt(µ1) such that
y0 ∈ (B3C+C \B2C−C) = (B4C \BC)

If the Proposition were false, there would be a sequence of matching motions (Ti,Ki =
{µi,t}t≥0), each of which satisfying that µi,0 is a closed hypersurface, λ(Ki) ≤ Λn + 1i .
They all develops a spherical singularity at (0, 1) ∈ Rn+1 × (0,∞) and has a point yi ∈
spt(µi,1) ∩B4C , yi 6= 0 such that Θ(yi,1) ≥ 1.
We use Brakke’s compactness theorem to extract a sub-sequential limit flow K∞ =
{µ∞,t}t≥0, which is also a matchingmotion by Theorem 3.5. By the lower semi-continuity
of entropy, λ(K∞) = Λn. By the upper semi-continuity of the Huisken’s density,Θ(0,1) ≥
Λn and Θ(y∞,1) ≥ 1 for some y∞ 6= 0.
Now this is a contradiction because, by Huisken’s monotonicity formula, at an earlier
time than t = 1, the entropy is strictly greater than Λn. Thus we proved the Proposition.

Proof. (of Theorem 1.1)
As in [5], we argue by contradiction. Since we cannot rule out the formation of non-
compact singularities with low entropy as in [4], we must work in the setting of matching
motions instead of smooth flows. According to Proposition 6.2, for flows starting from a
closed hypersurface, the only time when the flow develops a spherical singularity is when
it’s extinct.
Fix the dimension n, suppose for some 1 > ǫ > 0 there are connected closed hypersur-
faces Σi ⊂ Rn+1 with λ(Σi) ≤ Λn+ 12i and so that distH(ρSn+ y,Σi) > ρǫ > 0 for any
ρ > 0, y ∈ Rn+1.
Claim 6.4. (”Triangle” inequality for the scale-invariant Hausdorff distance)
For each such i, we can find a small graphical perturbation Σ˜i, also connected, such
that the level-set flow of Σ˜i is non-fattening and such that
distH(ρS
n + y, Σ˜i) ≥ ρǫ
2
> 0
for any ρ > 0,y ∈ Rn+1, and
λ(Σ˜i) ≤ Λn + 1
i
Proof. (of Claim 6.4)
By Proposition 3.8, we can choose Σ˜i being non-fattening and such that distH(Σi, Σ˜i)
is arbitrary small because the Hausdorff distance is bounded by the C0 graphical norm.
First, for ρ < 116 diam(Σi), if Σ˜i is chosen so that distH(Σi, Σ˜i) <
1
16 diam(Σi), we
already have distH(ρS
n + y, Σ˜i) ≥ ρǫ2 for any y ∈ Rn+1. This is because diam(Σ˜i) >
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16 diam(Σi) > 14ρ, so cannot lie in the
ρǫ
2 neighborhood of any round n-sphere of radius
ρ in Rn+1. Namely, for any 0 < ρ < 116 diam(Σi),y ∈ Rn+1,
distH(Σ˜i, ρS
n + y) ≥ ρǫ
2
Next, for ρ ≥ 116 diam(Σi), we will choose Σ˜i so that distH(Σ˜i,Σi) < 132 diam(Σi)ǫ <
ρǫ
2 . Then for any y,
distH(Σ˜i, ρS
n + y)
≥ distH(Σi, ρSn + y)− distH(Σ˜i,Σi)
≥ ρǫ − ρǫ
2
=
ρǫ
2
By the lower semi-continuity of entropy, there is a δi > 0 such that if the Σ˜i chose as a
graph ui over Σi with ||ui||C0(Σi) < δ, then λ(Σ˜i) < λ(Σi) + 12i ≤ Λn + 1i .
Thus, we can choose Σ˜i according to Proposition 3.8 so that it’s a graph ui overΣi with
||ui||C0(Σi) < min( 116 diam(Σi), 132 diam(Σi)ǫ, δi), and proved the claim.

Now we have a sequence of matching motions (Ti,Ki = {µi,t}), with µi,0 = µΣ˜i .
Since Σ˜i are all closed hypersurfaces, the flow must become extinct in finite time ti (by
the avoidance principle), at a round spherical singularity by Proposition 4.3.
Next we parabolically rescale the flows (Ti,Ki) by factors 1√ti and translate the extinc-
tion point (xi, ti) to the space-time origin to get (T˜i, K˜i), K˜i = D 1√
ti
(Ki − (xi, ti)) =
{µ˜i,t}. The flows K˜i has non-empty support and no spherical singularities for time t ∈
[−1, 0).
By Lemma 6.1, after throwing out small values of i, there is a τ ∈ (−1,− 12 ), indepen-
dent of i, so that
distH(spt(µ˜i,−1), spt(µ˜i,τ )) + distH(
√
2nSn,
√−2nτSn) < 1
8
ǫ(6.6)
By Brakke’s compactness theorem, there is a subsequence i(k) such that K˜i(k) con-
verges to a limit flow K∞ = {µ∞,t}t∈[−1,0], which is a matching motion (T∞,K∞) by
Theorem 3.5, and λ(K∞) = Λn.
The uniqueness Theorem 3.12 tells us this limit flow is the regular flow of round n-
sphere.
Now we apply Proposition 3.4 with ǫ = τ+12 and the limit flow being the regular round
sphere. For sufficiently large i(k), by connectedness of Σ˜i, K˜i is sufficiently close to the
regular flow of sphere for t ∈ (−1 + ǫ, 0), namely we can choose i(k0) such that
distH(spt(µ˜i(k0),τ ),
√−2nτSn) < 1
4
ǫ(6.7)
By (6.6) and triangle inequality, we have
distH(spt(µ˜i,−1),
√
2nSn) <
1
8
ǫ+
1
4
ǫ <
1
2
ǫ(6.8)
That is
distH(Σ˜i,
√
2ntiS
n + xi) <
1
2
√
tiǫ <
1
2
√
2ntiǫ(6.9)
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contradicting our choice of Σ˜i in Claim 6.4, and proves the theorem.

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